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Let $f(x, y):=x-g(y)\in K(x,y),$ $g(y)\in K(y),$ $n:=\deg_{y}g(y)$ .
Put
$S_{1}:=\{g(y)\in K|y\in K\}=\{x\in K|\exists y\in K\mathrm{s}.\mathrm{t}. f(x,y)=0\}$ .
( )
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Let $t$ be in $K$ with $\frac{d}{dy}g(t)\neq 0$:fixed. Put $a:=g(t)$ . Then there exists an effective constant $c>\mathrm{O}$ such
that
$| \alpha-a|>\frac{c}{H(\alpha)^{[K.\mathbb{Q}]/n}}$. for $\forall\alpha\in S_{1}$ with $\alpha\neq a$ .
( $c$ is independent of $\alpha.$ ) $|\cdots|$ t $H(\alpha)$ the absolute Height of ce.
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Liouville Weil function Height
Weil Height Height $\epsilon$ ,
Roth $K$ fixed




lFor $C$:an irreducible algebraic curve with positive genus, and for $\forall\epsilon>0$ , we have
aWeil function at $P \geq\frac{1}{H(P)^{\epsilon}}$
$\mathrm{f}$or-$\wedge\forall P\mathrm{m}N\in C(\overline{K})$ with finitely many exceptions. Here $H(P)$ means the Weil Height of $P$ associated with aclosed immersion
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( ) $/\mathrm{C}$ [K], [C2], [Shi], [O]
$/\mathrm{C}$
$\vee\supset \text{ }$
$|$ ( $\text{ }|\mathrm{g}\backslash$ ) $|$
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$G$- $E$- $G$- Siegel
G-




(eq) $a_{0}y^{(n)}+a_{1}y^{(n-1)}+\cdots+a_{n-1}y’$ $+a\text{ }y=0$ , $(a_{0}, \ldots, a_{n}\in K[x])$
(1) :
$y=. \sum_{1=0}^{\infty}\alpha:x^{:}$ $(\in K[[x]])$ , $\alpha:\in K$
(2) Height :
$0<\exists C<\infty \mathrm{s}.\mathrm{t}$. $H(\alpha_{0}, \ldots,\alpha:)\leq C^{:}$ for $i\in \mathrm{N}$ ,




(EQ) $\frac{d}{dx}m=Am$ , $A\in M_{n}(K(x))$
$m$







(2) $e^{x}$ $E$- $\mathrm{l}\mathrm{o}\mathrm{g}$, $G$- poly-
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$51/q$ $\mathrm{A}\mathrm{a}$ $p/q$ with $p<O(q^{\epsilon})$ $(_{p}<q^{\epsilon}=(q^{\epsilon-1})q$ $1/q$
$?$ )
6 2 ?






Let $m={}^{t}(f_{1}, \ldots, f_{n})$ be avector solution for (EQ). $(n\geq 2)$ . Suppose that $f1,$ $\ldots,$ $f_{n}$ are linearly
$\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{p}\mathrm{e}\mathrm{p}\mathrm{e}\mathrm{n}\det/K(x)$ and they are $G$-functions. Then for $\forall\epsilon>0$ , there exsit $\infty>\exists c_{1},$ $c_{2}>0$ (:effecitive)
$\mathrm{s}.\mathrm{t}$ . $\forall q\in \mathrm{Z}$ with $|q|>c_{1}$
$|H_{1}f_{1}(1/q)+ \cdots+H_{n}f_{n}(1/q)|>\frac{H}{H^{n+\epsilon}}$
for $H_{1},$ $\ldots$ , $H_{n}\in \mathrm{Z}$ with $H:= \max:|H_{1}.|>\mathrm{c}_{2}$ . $\square$
$f_{1}=1,$ $H_{2}=\ldots=H_{n-1}=0$
$|H_{1}+H_{n}f_{n}(1/q)|> \frac{H}{H^{n+\epsilon}}$




























$d/dx-A$ (in (EQ)) (or (EQ)) is a $G$-operator $\Delta^{\mathrm{e}\mathrm{f}}$
$\varlimsup_{marrow\infty}\sum_{v\{\infty}\frac{1}{m}\dot{.}\max\log^{+}\leq m|\frac{1}{i!}(\frac{d}{dx}+{}^{t}A)^{:}I|_{v}<\infty$ .
Here, $\sum_{v\{\infty}$ means $v$ runs every normalized non-Archimedean valution of $K$ , and I is the identity matrix,
the symbol $|\cdots|_{v}$ is sO-called the Gauss norm at $v$ .
$x$ $G$-operator $G$-operator
([N2] )
? $\text{ }$ $G$-operator
G-
$G$- $\Leftarrow$ $\Rightarrow$ G-Operator
$G$- $G$-operator G-Operator
/ $G$- ([C1], [A], [N1] )
local $G$- global $G$-operator ( )
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$G$-operator G-
Let $d(x)\in \mathbb{Z}[x]$ : the common denominator of components of $A$ in (EQ).
$\text{ }$ : $(\text{ }\mathrm{f}\mathrm{f}\mathrm{i}\text{ })$
Let $D$ be aclosed disk $\subset \mathrm{c}$ centered $\zeta_{0}\in K$ (given) with the radius $<1/2$ : (given)
For avector solution of (EQ): $m={}^{t}(f_{1}\ldots f_{n})$ (: given)
We suppose that
(0) (EQ) is a $G$-operator, and suppose that $n\geq 2$ .
(1) $m$ is analytic on $D$ and $f_{1},$ $\ldots,$ $f_{n}$ are linearly independent over $\mathbb{C}(x)$ ,
(2) There exist no solutions of $d(x)=0$ on $D$ .
$\tauarrowarrow \text{ }\mathrm{B}\mathrm{i}\text{ }|^{}.\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{l}2\mathrm{B}\grave{\grave{\mathrm{l}}}\ovalbox{\tt\small REJECT}\Re \text{ _{}\backslash }rx^{\sqrt}\backslash \kappa \mathrm{p}\mathrm{a}\mathrm{e}^{\sim}.\backslash \backslash \text{ _{}1’}^{\backslash }\mathrm{f}^{\mathrm{a}}\sim^{\theta}_{arrow}^{\wedge}\text{ }$ ffi $\text{ ^{}\backslash }\backslash \text{ _{}0}$
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$S_{K}:=\{\zeta\in D\cap K|\exists\kappa_{\zeta}\in \mathrm{C}, \neq 0\mathrm{s}.\mathrm{t}. \kappa_{\zeta}m(\zeta)\in K^{n}\}$ .
)
Then we obtain:
(a) If $\zeta_{0}\in S_{K}$ , then for any small positive $\forall\epsilon>0$ , there exists afinite effixitive constant $\exists c<\infty$ such
that
$| \zeta_{0}-\zeta|\geq\frac{1}{H(\zeta)^{[K- \mathrm{O}1\mathrm{t}_{\mathrm{n}}^{[perp]}+\epsilon)}}$ for $\forall\zeta\in S_{K}$ with $H(\zeta)\geq c$ .
Here $c$ depends on $\zeta_{0},$ $A,$ $\epsilon$ and is independent of $\zeta$ .
Liouville $G$- Liouville





Moreover, Assume that $f_{1},$ $\ldots,$ $f_{n}$ are homogeneously algebraically independent over $\mathrm{C}(x)$ ,
and assume that they are G-functions.
Then we have:
(b) If $\zeta_{0}\in S_{K}$ , then for any small positive $\forall\epsilon>0$ , there exists afinite constant $\exists c<\infty$ such that
$| \zeta_{0}-\zeta|\geq\frac{1}{H(\zeta)^{\epsilon}}$ for $\forall\zeta\in S_{K}$ with $H(\zeta)\geq c$ .
Here $c$ depends on $\zeta_{0},$ $A,$ $\epsilon$ and is independent of $\zeta$ .
$\epsilon$
. genus 0, genus 1 $\mathrm{A}$ ‘
. $G$- $\mathrm{A}\mathrm{a}$ (a)
(b)
$\mathrm{A}$
$\mathrm{a}$ $\mathrm{A}$ ‘ \supset ?
G-
$==========$ $+$ $arrow$ $+$ $========$
$arrow$ $(g=0)$ $|$ $|$
$+$ $|$ (a) \rightarrow
$arrow$ $(g\geq 1)$ $|$ $[searrow]$ $|$ ( )
$+$ $+$ ———





$t\geq 2$ : $x^{t}+y^{t}=1$
$y=\sqrt[t]{1-x^{t}}$
$\frac{d}{dx}(\begin{array}{l}1y\end{array})=(_{0}^{0}$ $\frac{x^{\ell 1}\underline{0}}{x^{\ell}-1}$ ) $(\begin{array}{l}1y\end{array})$
(a) $n=2$
$\zeta_{0}$ ( ) 0,
$D:=\{z\in \mathbb{C}||z|\leq 1/3\}$
$S_{K}$
$S_{K}:=\{(\in D\cap K|y=\sqrt[t]{1-\zeta^{t}}\in K\}$
$\epsilon>0$ ( ) $\exists c<\infty$ (effecitive) $\mathrm{s}.\mathrm{t}$ .





1, $y$ $\mathbb{C}(x)$ 1, $y,$ $y’,$ $y”,$ $\ldots$ $\mathbb{C}(x)$
$1/t$ 1/2 1, $y,$ $y’$ $/\mathbb{C}(x)$
:
$y(x):= \frac{1}{\pi}\int_{0}^{1}\frac{dt}{\sqrt{t(1-t)(1-tx)}}$ , $w(x):= \frac{1}{\pi}\int_{0}^{1}\frac{(1-tx)dt}{\sqrt{t(1-t)(1-tx)}}$
Gauss hypergeometric series
G-
$D:=$ 0 1 0 1/2 $\subset \mathbb{C}$
$S_{K}:=\{\zeta\in D\cap K|w(\zeta)\neq 0, y(\zeta)/w(\zeta)\in K\}$
(b)
:
$\varlimsup_{Barrow\infty}\frac{\log\#\{\zeta\in S_{K}|H(\zeta)\leq B\}}{1\mathrm{o}\mathrm{g}B}=0$. $\square$







$\varlimsup_{Barrow\infty}\frac{\log\#\{\zeta\in S_{K}|H(\zeta)\leq B\}}{1\mathrm{o}\mathrm{g}B}\leq\frac{4}{n}$[$K$ : ],
( $\leq 2[K:\mathbb{Q}].$)
(b) $\sigma)\text{ _{}\hat{\mathrm{D}}}_{arrow}^{\wedge}$.&
Bl $\frac{\log\#\{\zeta\in S_{K}|H(\zeta)\leq B\}}{1\mathrm{o}\mathrm{g}B}=0$ ,
$n$ genus 0 $2[K : \mathbb{Q}]/n$ , genus 1
0 ([Se] )













(1-1) $g(x)$ $g(\alpha)$ 0 [f
1 ( )



















$(\cdots)$ ’ weight (?) $\log 1/p$
Jensen $R$ closed disk $D\subset \mathbb{C}$ $f$
$( \sum_{\zeta\in D^{\text{ }}\backslash \{0\}}(\mathrm{o}\mathrm{r}\mathrm{d}_{\zeta}f)\log\frac{R}{|\zeta|}+\mathrm{o}\mathrm{r}\mathrm{d}_{0}f)$
$( \int_{\partial D}\log|f(z)|dz-\log|\frac{1}{(\mathrm{o}\mathrm{r}\mathrm{d}_{0}f)!}(\frac{d}{dx})^{\text{ }\mathrm{r}\mathrm{d}_{0}f}f(0)|)=0$
(J) $[\otimes]’-[\oplus]=0$
$\otimes$ non-Archimedean, $\oplus$ Archimedean (?)
(EQ) G- 8 $m={}^{t}(f_{1}, \ldots, f_{n})$ ’ $V\subset \mathbb{C}\cap K$
$\sum_{\zeta\in V}\mathrm{o}\mathrm{r}\mathrm{d}_{\zeta}(P_{1}f_{1}+\cdots+P_{n}f_{n})\geq(n-\delta)\max_{i}\deg P_{i}$









$f_{n}$ $G$- Siegel (P) $P_{1},$ $\ldots,$ $P_{n}$
$h(P)\leq\alpha\deg(F)+\beta$
( Siegel ) $h(P):= \max:h(P.\cdot)$ ( $P.\cdot$






$\mathrm{A}\mathrm{a}$ \leq G- G-
( G- T )
(J) $f$ $\phi,$ $(\mathrm{p})$ $a$ $\frac{1}{\text{ }\mathrm{r}\mathrm{d}_{0}f}.’(\frac{d}{h})^{\text{ }\mathrm{r}\mathrm{d}_{0}f}f(0)$
$[\oplus]$ $(\oplus)$ ( ) .




$\deg(F)$ $+$ $[\otimes]$ $\geq 0$ (P)
$[\otimes]’$ $+$ $[\oplus]$ $\geq 0$ (J)
$(\oplus)$ $+$ $(\otimes)’$ $\geq 0$ (p)
- $\overline{(\otimes)’}$ $+$ $\deg(F’)$ $\geq 0$ (S)
$\text{ }-\deg(F)+\deg(F’)\geq 0$. ( weight [ }$\mathrm{e}$ )
$\log|\zeta-*|$ ] (J)
$[\otimes]’$ weight $\log|\zeta|$











n \supset $\text{ }$ Z 4
4 $-\deg(F)+\deg(F’)\geq 0$
(?) :
(G) $(\deg(F’)-\deg(F))$ $-(\overline{(\otimes)}-(\otimes)’)$ $-(\oplus)$ $\geq$ $-([\otimes]-[\otimes]’)$ $-[\oplus]$ .
Pad6 $P_{1}$. degree (G) $\}$
=\mbox{\boldmath $\alpha$}+ $h(P)$
$\geq(\mathrm{J})$ weight( )-Archi. $=$ .
(G)
Riemann-Roch
$\deg$D-deg $E-\dim_{k}H^{0}(X, \mathcal{L}(D))-\dim_{k}H^{1}(X,\mathcal{L}(E))=-\dim_{k}H^{0}(X, \mathcal{L}(E))-\dim_{k}H^{1}(X, \mathcal{L}(D))$







( ) ( )
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